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Abstract 

 
We review Taylor approximation (TA), Padé approximation (PA), Restrictive Taylor approximation (RTA) 

and Restrictive Padé approximation (RPA). After comparing these four approximation methods with two 

other modified approximation methods: Modified Restrictive Taylor approximation (MRTA) and Modified 

Restrictive Padé approximation (MRPA), we give test examples to illustrate how the modified 

approximations could be used. The mathematical principles behind all these approximations could be applied 

for the development of new computing methods. 

 

 

Keywords: Taylor polynomial; padé approximation; restrictive Taylor approximation; restrictive Padé 

approximation; modified restrictive Taylor approximation and modified restrictive Padé 

approximation. 

 

1 Introduction 

 
“The relationship between the coefficients of a series expansion and of the value of the function is both 

important mathematically and significant practically. It is fundamental to the study of mathematical analysis as 

well as to the actual calculation of mathematical models of nature in many applied sciences and engineering 

challenges, such as the transfer function of electrical and dynamic systems, biology, physics, chemistry, and 
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medicine.  “Padé approximant [1-3] is typical  rational function of a given order. Under this technique, the 

approximant's power series agrees with the power series of the function it is approximating”. Henri Padé 

developed the method about 1890, although it was Georg Frobenius who initially proposed it and looked into 

the characteristics of rational power series approximations. This approach outperforms rational function [4]. 

Brezinski [5] introduced the Padé approximant, Khan [6] used the Padé -Hermite approximant, and Ysern and 

Lagomasino [7] demonstrated the convergence of multipoint Padé -type approximants. 

 

Ismail and Elbarbary introduced the restrictive Taylor approximation to solve Parabolic Partial Differential 

Equations [8], Ismail et al. [9,10] approximated “a solution for the Convection-Diffusion equation and the KdV-

Burgers equation”, and Rageh et al. [11] used “RTA to solve Gardner and KdV equations”. 

 

Restrictive Padé approximation was used by Ismail et al. [12-15] to solve the Schrodinger problem and 

Generalized Burger's equation. Ismail [16] examines how (RPA) converges to the precise IBVP solutions of the 

parabolic and hyperbolic kinds. Solvability and uniqueness were introduced by Ismail [17] for both (RTA) and 

(RPA). 

 

2 Classical and Restrictive Approximations 

 
2.1 Taylor and Padé approximations 

 
2.1.1 Taylor series 

 

Taylor series is a polynomial of infinite degree that can be used to represent many different functions, particular 

functions that are not polynomial. This means that Taylor expansion is a method through which we can convert 

a non-polynomial function into a polynomial function. Taylor approximation is useful and preferably to be used, 

since polynomials are easier to be evaluated at some particular values. It is also easier to differentiate and 

integrate. Then the Taylor series of a real function      about a point   is given by  

 

          
     

  
      

      

  
         

(1) 

where; 

 

    and      is infinity differentiable function on the interval I that contains the point   . 
 

For evaluating finite number of terms, the Taylor polynomial of degree   is defined by 

 

      
             

  

 

   

     (2) 

 

where    is the Lagrange remainder term given by 

 

      
        

      
                (3) 

 

So that the maximum error after   terms of Taylor expansion is the maximum value obtained from equation (3) 

running through all        .  
 

2.1.2 Padé approximation  

 

Padé Approximation approximates a function using the rational polynomials. Since the Taylor series use 

repeated differentiation to produce a polynomial approximation of a function then, Taylor series often cannot be 

used to extrapolate the function for very long before becoming rapidly diverging. Padé approximants often 
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follow the function more closely for longer. This technique was developed around 1890 by Henri Padé (1863-

1953).   

 

For a given function      and two integers     and     the Padé approximant (PA) of order       is 

 

            
          

        

          
        

    (4) 

 

Since PA are rational functions, with a denominator that does not vanish at zero, and whose series expansion 

matches a given series as far as possible, then its coefficients are determined from the condition  

 

           
                    

               
                   

 

with coefficient condition     , then 

 

      

           

              

 

   

 

 

where              , and the coefficients    are obtained from the expansion of the function       in 

Maclaurin series.  

 

2.2 Restrictive type approximations 

 
In the following pages, we describe two forms for “Restrictive” type approximations in which we find the 

restrictive parameter that gives the exact solution at a given number of points in some type of problems. 

 

2.2.1 Restrictive Taylor approximation (RTA) 

 

Consider a function      defined in a neighborhood of     and it has derivatives up to order       

Constructing a function  

 

                 
     

  
        

        

      
          

       

  
        (5) 

 

where   is a parameter to be determined by adding the following condition [9-11]: 

 

                

 

Let    be some points in the domain of the function    . The function          is called restrictive Taylor 

approximation of order   of the function      at the point    . The following theorem gives the value of the 

remainder term of this approximation. 

 

Assume the function      and its derivatives up to an order     are continuous in a certain neighborhood of a 

point. Suppose, furthermore, that   is any value of the argument from the indicated neighborhood and   is the 

restrictive Taylor parameter, then there is a point   which lies between the points   and   such that the formula: 

 

                        (6) 

 

is true, for which 
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where           is the Taylor remainder term. 

 

2.2.2 Restrictive Padé approximation (RPA) 

  

We construct a restrictive type of Padé approximation [13,14] of the function  with a parameter yet to be 

determined. If it reduces the remainder term to zero, we will get the classical Padé approximation. The 

restrictive Padé approximation is a rational function in the form [12]:  

 

          
 
    

    
  

        
    

   

      
  

   

 (8) 

 

where the positive integer   does not exceed the degree of the numerator,  

 

          

 

Such that 

 

               
 
              (9) 

 

and let f(x) has a Maclaurin series expansion 

 

Table 1. Restrictive Padé table 

 

                                     

                                     

                                    

                  

                                                                     

               

 

Table 1 is the Restrictive Padé table for     . The first j
th

 columns disappear when         The case     

gives the classical Padé table. 

 

The case     gives the following selected elements of RPA table: 
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where  

 

       

      
          

  

 

      
         

  

 

      

    
     

  

 

 

3 Concave and Convex functions 

 
We use concave and convex to describe the shape or the curvature of the curve. The definitions concavity and 

convexity of a single variable function are widely used in economic theory and are also central to optimization 

theory. The function       is said to be a concave function if every line segment joining any two points on the 

curve of this function lie below the graph at any point. On the other hand, a function       is said to be convex 

if every line segment joining two points on the curve of the function lie above the graph at any point. See Fig. 1 

below: 
 

  
 

Fig. 1. Convex (on left) and concave (on right) functions 
 

We can easily conclude that the graph of any differentiable concave function lies below the tangent at point  , 

which its slope is       . Similarly, the graph of any differentiable convex function lies above the tangent at 

point   , which its slope is       . Thus, the definition of the concave and convex function may be written as 

follows: 

 

Definition: 

 

Let   is a single variable function defined on the interval   . Then the function   is 

 

Concave function if for all             and         we have 

 

                             

 

Convex function if for all             and         we have 

 

                              

 

Both convex and concave function if for all             and         we have 
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Thus, the function is both convex and concave if and only if it is linear function. 

 

In this paper our approximated functions (RTA& RPA) will be classified into either concave or convex function. 

We are looking forward to reducing the maximum norm error    resulting from our approximated functions 

(RTA& RPA) by using this classification as we will show in the next part. 

4 Modification in restrictive Taylor and Padé approximation 
 
After we use the restrictive approximation we find the more it converges, the larger the maximum    error 

norm we obtain. The new modification is to eliminate this max error and to force the absolute error to be near 

zero around the region that has the maximum error.   
 

From the analysis of error and plotting of the absolute error between the function needed to be approximated 

and the restrictive approximation, we can classify the modification into two types according to whether the 

function is convex or concave. 

 

4.1 Case 1: Convex functions 

 
From Fig. 2b, the RA lies above the function so the error will be negative; we add the modification term. 

 

  
 

   

Fig. 2a Fig. 2b Fig. 2c 

 

Fig. 2(a-c). Convex functions 
 

4.2 Case 2: Concave functions 
 

From Fig. 3b the RA lies below the function so the error will be positive; we subtract the modification term. 

 

   
 

Fig. 3a Fig. 3b Fig. 3c 

 
Figs. 3(a-c). Concave functions 
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4.2.1 We choose the modification term to satisfy three conditions 

 

1) At      the modification term vanish (equal zero).  See point A in Fig. 4. 

2) At the point B, the maximum error (   error norm) the modification term has maximum value and equal 

to the    error norm; the new approximations is used to force the error to be near zero around the point 

having the    error norm. 

3) At    where we calculate the restrictive term the error equal to zero, so we do not need the modification 

term at point C in Fig. 4. 

 

 
 

Fig. 4. Error pints 

 

5 Numerical examples 

 
In this section we introduce two examples solved by Taylor approximation (TA), Padé approximation (PA), 

Restrictive Taylor approximation (RTA) and Restrictive Padé approximation (RPA). Then comparing this result 

by the two Modified restrictive Taylor approximation (MRTA) and Restrictive Padé approximation (MRPA). 

Figs. 5 – 6 show the function used together with the expansions and errors. 

 

Example 1.  

 

             (10) 

 

For     the restrictive terms are calculated at     for both RTA and RPA. We limit  the expansion domain 

to [0, 1] and plot TA, PA, RTA, RPA, MRTA and  MRPA  in Fig. 5. Also, the errors are in Fig. 6.  

 

        

          

 

where   is the restrictive term to be determined by  

 

                          

                      

                                                      

 

Table 2. Error norm for Taylor expansions for example 1 
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where   is the restrictive term to be determined by  

 

     
                     

                      
 

 
                      
 

      
                     

                      
                            

 

Table 3. Error norm for Padé expansions for example 1 

 

 PA1 RPA1 MRPA1 

                                                                 

                                                              

 

 
 

Fig. 5. Expansion of example 1 

 

 
 

Fig. 6. The errors in example 1 
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Table 4. Error in example 1 

 

x TA1 PA1 RTA1 RPA1 MRTA1 MRPA1 

0 0 0 0 0 0 0 

0.1                                                                                                                                    

0.2                                                                                                                                 

0.5                                                                                                             
0.7                                                                                                                             

0.9                                                                                                                            

1                                                

 

Table 5. Error norm for Taylor expansions for example 2 

 

 TA1 RTA1 MRTA1 

                                                             

                                                               

 

Table 6. Error Norm for Padé expansions for example 2 
 

 PA1 RPA1 MRPA1 
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Table 7. Error in example 2 

 

x TA1 PA2 RTA1 RPA1 MRTA1 MRPA1 

0 0 0 0 0 0 0 

0.1                                                                                                                                       

0.2                                                                                                                                     

0.5                                                                                                          
0.7                                                                                                                            

0.9                                                                                                                                  

1                                                                                              

 

 
 

Fig. 7. Expansion of example 2 
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Example 2.  

 

        
 
 

 

    
 

(11) 

 

Baker and Morris [1] have shown the accurate of PA via TA in this example. We introduce a better method 

(RTA and RPA) with results as shown in Fig. 7 and the error in Fig. 8.  

 

                             

 

where   is the restrictive term to be determined by  

 

                                                    

                                                 
 

    
        

        
                 

     

     
 

 
where   is the restrictive term to be determined by  
 

     
               

              
 

 
                      
 

      
               

              
                             

 

 
 

Fig. 8. Errors in example 2 
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6 Conclusion  

 
The numerical examples show better accurate for Modified Restrictive Taylor approximation (MRTA) and 

Modified Restrictive Padé approximation (MRPA) than Restrictive Taylor approximation (RTA) and Restrictive 

Padé approximation (RPA). We know that TA and PA gives the exact solution at   also at the point used to  

calculate the restrictive term as shown in Fig. 2.b or Fig. 3.b. As we show in example 1 and 2 (Figs. 5, 6, 7 and 

8) we use RTA and RPA to force the approximation to be close to the exact curve by adding modified terms so 

that  the error is close to zero. The mathematical principles behind all these approximations and their 

modifications could be applied for the development of new computing methods. 
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